We give basic properties of the parabolic induction and coinduction functors associated to R-algebras modelled on the pro-p-Iwahori-Hecke R-algebras H R (G) and H R (M ) of a reductive p-adic group G and of a Levi subgroup M when R is a commutative ring. We show that the parabolic induction and coinduction functors are faithful, have left and right adjoints that we determine, respect finitely generated R-modules, and that the induction is a twisted coinduction.
Introduction
We give basic properties of the parabolic induction and coinduction functors associated to R-algebras modelled on the pro-p-Iwahori-Hecke R-algebras H R (G) and H R (M ) of a reductive p-adic group G and of a Levi subgroup M when R is a commutative ring. We show that the parabolic induction and coinduction functors are faithful, have left and right adjoints that we determine, respect finitely generated R-modules, and that the induction is a twisted coinduction.
As in the theory of Hecke algebras associated to types, one introduces the subalgebra Let w 0 denote the longest element of W 0 , S w0(M ) the subset w 0 S M w 0 of S, w M 0 := w 0 w M,0 where w M,0 is the longest element of W M,0 . A liftw M 0 ∈ W 0 (1) of w M 0 defines an R-algebra isomorphism Modulo equivalence, these functors do not depend on the choice of the lift of w M 0 used for their construction.
Theorem 1.8. The parabolic induction (resp. coinduction) is equivalent to the w 0 -twisted parabolic coinduction (resp. induction):
Using that the coinduction admits a left adjoint and that the induction is a twisted coinduction, one proves: The coinduction satisfies the same properties as the induction:
Corollary 1.10. The coinduction I H H M is faithful, transitive, respects finitely generated R-modules, admits a left and a right adjoint. When R is a field, the left and right adjoint functors respect finite dimension.
Note that the induction and the coinduction are exact functors, as they admit a left and a right adjoint.
We prove Theorem 1.4 in chapter 2, Theorem 1.6 in chapter 3.2, Theorem 1.8, Theorem 1.9 in chapter 3.2. This paper is influenced by discussions with Rachel Ollivier, Noriyuki Abe, Guy Henniart and Florian Herzig, and by our work in progress on representations modulo p of reductive p-adic groups and their pro-p Iwahori Hecke algebras. I thank them, and the Institute of Mathematics of Jussieu, the University of Paris 7 for providing a stimulating mathematical environment.
Levi algebra
We prove Theorem 1.4 and its variant on the subalgebra H M ⊂ H M , its image in H, on H M as a localisation of H M and on H as an almost left localisation of θ(H + M ), and almost left localisation of θ * (H − M ).
Monoid
Let Σ denote the reduced root system of affine Weyl group W af f , V the real vector space of dual generated by Σ, Σ af f = Σ + Z the set of affine roots of Σ and H = {Ker V (γ) |γ ∈ Σ af f } the set of kernels of the affine roots in V . We fix a W 0 -invariant scalar product on V . The affine Weyl group W af f identifies with the group generated by the orthogonal reflections with respect to the affine hyperplanes of H.
Let A denote the alcove of vertex 0 of (V, H) such that S af f is the set of orthogonal reflections with respect to the walls of A and S is the subset associated to the walls containing 0. An affine root which is positive on A is called positive. Let Σ af f,+ denote the set of positive affine roots, Σ + := Σ ∩ Σ + af f , Σ af f,− := −Σ af f,− , Σ − := −Σ + . Let ∆ M denote the set of positive roots α ∈ Σ + such that Ker α is a wall of A and the orthogonal reflection s α of V with respect to Ker α belongs to S M , Σ M ⊂ Σ the reduced root system generated by ∆ M ,
It is well known that the finite Weyl group W M,0 is the W 0 -stabilizer of Σ − Σ M . This implies
Let Λ ν − → V denote the homomorphism such that λ ∈ Λ acts on V by translation by ν(λ).
The antidominant Weyl chamber of V is D − and the dominant Weyl chamber is D + . Careful: [Vig3, §1.2 (v)] uses a different notation: Λ = (ν) −1 (D ).
The Bruhat order ≤ of the affine Coxeter system (W af f , S af f ) extends to W : for (iii) For λ ∈ Λ + , W 0 λW 0 admits a unique element of maximal length w λ = w 0 λ where w 0 is the unique element of maximal length in W 0 , and (w λ ) = (w 0 ) + (λ) [Vig3, Lemma 3.5]. An element w ∈ W admits a reduced decomposition in (W, S af f ), w = s 1 . . . s r u with s i ∈ S af f , u ∈ Ω. As in [Vig1] , we set for w, w ∈ W ,
This is independent of the choice of the reduced decomposition. For w, w ∈ W M and s i ∈ S af f M , u ∈ Ω M , let q M,w , q M,w,w denote the similar elements. They may be different from q w , q w,w . The proof of the properties (i), (ii), (iii) of Theorem 1.4 and its variant are as follows: Remark 2.9. The trivial character χ 1 : H → R of H is defined by
When H is the Hecke algebra of the pro-p-Iwahori subgroup of a reductive p-adic group G, H acts on the trivial representation of G by χ 1 . Note that the restriction of the trivial character of H M to θ(H M + ) is not equal to χ 1 • θ when M (µ M ) = 0, (µ M ) = 0.
An anti-involution ζ
The R-linear bijective map
. Lemma 2.10. 1. The following properties are equivalent:
is the parameter map. 2. If ζ is an anti-involution then ζ M is an anti-involution.
Proof. Letw =s 1 . . .s (w)ũ be a reduced decomposition,s i ∈ S af f (1),ũ ∈ W (1), (ũ) = 0 and lets ∈ S af f (1). Then,
Tthe map ζ is an anti-automorphism if and only if ζ(c(s)) = c(s −1 ) fors ∈ S af f (1). This is equivalent to ζ • c = c • (−) −1 because S(1) is the union of the W (1)-conjugates of S af f (1), c is W (1)-equivariant and ζ commutes with the conjugation by W (1). If c satisfies (iii), its restriction c M to S M (1) satisfies (iii).
. Hence the set of admissible lifts of s is stable by the inverse map. As the group Z k is commutative, we have
From now on, we suppose that ζ is an anti-involution. We recall the involutive auto-
and [Vig1, Prop. 4.13 2)]:
-alcove walk basis
We define a basis of H associated to ∈ {+, −} and an orientation o of (V, H), that we call an -alcove walk basis associated to o. Definition 2.13. The following three properties determine uniquely elements
They imply, for w ∈ W, λ ∈ Λ:
We recall that λ acts on V by translation by ν(λ). The Weyl chamber D o of the orientation o is characterized by:
The alcove walk basis of H associated to o is (E o (w))w ∈W (1) [Vig1] . The Bernstein basis (E(w))w ∈W (1) is the alcove walk basis associated to the antidominant orientation (of Weyl chamber D − ). By Remark 2.3 and [Vig1] ,
They imply for w ∈ W, λ ∈ Λ:
We used that
The -alcove walk bases satisfy the the triangular decomposition:
Let V M be the real vector space of dual generated by Σ M with a W M,0 -invariant scalar product and the corresponding set H M of affine hyperplanes.
The -Bernstein elements on W M (1) are compatible with θ and θ * :
Proof. It suffices to prove the proposition when the q(s) are invertible. Letw ∈ W (1). We writew =λũ =λ 1 (λ 2 ) −1ũ with u ∈ W 0 , and λ 1 , λ 2 in Λ . We have
We suppose the q(s) are invertible. Then, We deduce:
W M,0 and the group Ω M of elements which stabilize A M , we deduce:
Let
It induces a bijection H
Proof. The proof is formal using the properties given above the proposition and the characterization of the elements in the -alcove walks bases given by (5), (6), (7) if = + and (11), (12) if = −.
We study now the transitivity of the w 0 -twist. Let S M ⊂ S M ⊂ S. We have the subset w M ,0 S M w M ,0 = S w M ,0 (M ) of S and we associate to the conjugation by a lift
in Proposition 2.20. We will show that j factorizes by j .
We have ). We note that:
defined byw M M ,w M 0 ,w M 0 respectively, as in Proposition 2.20, send the -subalgebra to the − -subalgebra and are compatible with the -Bernstein bases. We cannot compose j with the map j defined byw M 0 , but we can compose j with the bijective R-linear map defined by the conjugation byw M 0 in W (1):
Proposition 2.21. j = k • j and k is an R-algebra isomorphism respecting thesubalgebras and the -Bernstein bases: k (H w M ,0 (M ) ) = H w0(M ) and k (E w M ,0 (M ) (w)) =
Proof. The relations between the groups W * and W * imply obviously that j = k • j and that k respects the -subalgebras. k is an algebra isomorphism respecting the -Bernstein bases because j, j are algebra isomorphisms respecting the -Bernstein bases and k = j • (j ) −1 .
Distinguished representatives of
The properties of M W 0 used in this article that we are going to prove are probably well known. Note that the classical set of representatives of W 0 \W is studied in [Vig3] , that + can be replaced by ∈ {+, −} in the definition of M D 1 , that
Taking inverses, we get the classical set W M 0 of representatives on W 0 /W M,0 equal to
The length of an element of W is equal to the length of its inverse, and [Vig1, Cor. 5.10]: for λ ∈ Λ, w ∈ W 0 ,
Let β (λw) denote the contribution of β ∈ Σ + to the right side of (21).
We show now that W M,0 can be replaced by W M + in (18) and by W M − in (20) (taking the inverses). It is also a variant of the equivalence (λw) < (λ) + (w) ⇔ β • ν(λ) > 0 for some β ∈ Φ w for λ, w as in (21).
Proof. Lemma 2.23. (ii) q w = q w M,0 ww −1
. This proves the equality The Bruhat order x ≤ x in W 0 is defined by the following equivalent two conditions:
(i) There exists a reduced decomposition of x such that by omitting some terms one obtains a reduced decomposition of x.
(ii) For any reduced decomposition of x , by omitting some terms one obtains a reduced decomposition of x. Proof. We prove the direction "only if" (the direction "if" is obvious). If dw ≤ d w , a reduced decomposition of dw is obtained by omitting some terms of the product of a reduced decomposition of d and of a reduced decomposition of w . We have dw = d 1 w 2 with d 1 ≤ d , w 2 ≤ w and (d 1 w 2 ) = (d 1 ) + (w 2 ). We have d 1 = dw 1 , w 1 := ww −1 2 . As w, w 2 ∈ w M,0 and d ∈ W M 0 we have (dw 1 ) = (d) + (w 1 ) and (dw) = (d) + (w). Hence (w 1 ) + (w 2 ) = (w). (ii) We can suppose that h runs over in a basis of H. We cannot take the Iwahori-Matsumoto basis (Tw)w ∈W (1) and we explain why. Forw =w Md withw M ∈ W M + (1), d ∈ M W 0 we choose r ∈ N such thatμ r Mw M ∈ W M + (1). By the length additivity (Lemma 2.22) Tμr Mw = Tμr Mw M Td lies in θ(H M + )Td, but we cannot deduce that Tμr M Tw lies in θ(H M + )Td.
We take the Bernstein basis (2.18) and we suppose that q(s) = q s is indeterminate (but not invertible) with the same arguments as in [Ollivier10, Prop. 4.8] . Then
. Recalling E( * ) = T * for * ∈ W 0 (1) and the additivity of the length (Lemma 2.22), As a is central and not a zero divisor in A, the a-localisation of A is a A = A a = ∪ n∈N Aa −n . The left multiplication by a in A is an injective A-linear endomorphism A → A, x → ax, and the left multiplication by a in B is a A-linear endomorphism a B : x → ax of B which may be not injective hence B may be not a flat A-module. The ring B is the union for r ∈ N, of the A-submodules
and looks like a localisation of B D at a. 
Induction and coinduction

3.2.1
For a ring A, let Mod A denote the category of right A-modules, and A Mod the category of left A-modules. The A-duality X → X * := Hom A (X, A) exchanges left and right A-modules.
A functor from Mod A to a category admits a left adjoint if and only if it is left exact and commutes with small direct products (small projective limits); it admits a right adjoint if and only if it is right exact and commutes with small direct sums (small injective limits) For two rings A and B and an (A, B)-module J , the functor
The adjunction is given by the functorial isomorphism
For three rings A ⊂ B, A ⊂ C, the isomorphism α applied to M = C, J = B gives an isomorphism: The restriction followed by the induction, resp. the coinduction, Mod A → Mod B defines an induction, resp. coinduction, 
3.2.2
I B Aa = I B A • Res Aa A = − ⊗ A B, I B Aa = I B A • Res Aa A = Hom A (B, −) : Mod Aa → Mod B ,I Aa A • Res B A = − ⊗ A A a : Mod B → Mod Aa ,Proof. M ⊗ A B = (M ⊗ Aa A a ) ⊗ A B = M ⊗ Aa (A a ⊗ A B).
3.2.3
Let (A, a, B, D) satisfying Definition 3.1. Let M ∈ Mod Aa . As R-modules,
In particular:
We have canonical isomorphisms of R-modules:
The tensor product over A by a free A-module is exact and faithful hence the induction is exact and faithful.
Let R ⊂ A be a subring central in B. The ring R is automatically commutative and a central subring of the localisation A a of A. The modules over A a or B are naturally R-modules.
Let M ∈ Mod Aa be a finitely generated R-module. The R-module M ⊗ Aa I B Aa (A a ) is finitely generated.
Let N ∈ Mod B be a finitely generated R-module. The R-module Hom A (A a , N ) is finitely generated if R is a field by the Fitting's lemma applied to the action of a on N . There exists a positive integer n such that N is a direct sum N = N a ⊕ N a where a n acts on N a as an automorphism and a n is 0 on N a . Then, Hom A (A a , N ) N a is finite dimensional.
We obtain: 
The A-modules M d and M ⊗ d * are isomorphic by f → f (d) ⊗ d * .
For M ∈ Mod Aa , we have linear isomorphisms
For d ∈ D, let f d ∈ Hom A (B, A a ) equal to 1 on d and 0 on D − {d}. We deduce from these arguments: 
